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Abstract. We present (2+l)-dimensional generalizations of the k-constrained 
Kadomtsev-Petviashvili (k-cKP) hierarchy and corresponding matrix Lax rep- 
resentations that consist of two integro-differential operators. Additional re- 
ductions imposed on the Lax pairs lead to matrix generalizations of Davey- 
Stewartson systems (DS-I,DS-II,DS-III) and (2+l)-dimensional extensions of 
the modified Korteweg-de Vries and the Nizhnik equation. We also present 
an integro-differential Lax pair for a matrix version of a (2+l)-dimensional 
extension of the Chen-Lee-Liu equation. 



1. Introduction 

In the modern theory of nonlinear integrable systems, algebraic methods play an 
important role (see the survey in pQ). Among them are the Zakharov-Shabat dress- 
ing method [US], Marchenko's method [5], and the approach based on Darboux- 
Crum-Matveev transformations [6,7 . Algebraic methods allow to omit analytical 
difficulties that arise in the investigation of corresponding direct and inverse scat- 
tering problems for nonlinear equations. A significant contribution to such methods 
has also been made by the Kioto group [8rtl2|. In particular, they investigated scalar 
and matrix hierarchies for nonlinear integrable systems of Kadomtsev-Petviashvili 
type (KP hierarchy). 

The KP hierarchy is of fundamental importance in the theory of integrable sys- 
tems and shows up in various ways in mathematical physics. Several extensions 
and generalizations of it have been obtained. For example, the multi-component 
KP hierarchy contains several physically relevant nonlinear integrable systems, 
including the Davey-Stewartson equation, the two-dimensional Toda lattice and 
the three-wave resonant interaction system. There are several equivalent formu- 
lations of this hierarchy: matrix pseudo-differential operator (Sato) formulation, 
r-function approach via matrix Hirota bilinear identities, multi-component free 
fermion formulation. Another kind of generalization is the so-called "KP equation 
with self-consistent sources" (KPSCS), discovered by Melnikov [T3ttT7]. In prt22] . 
k-symmetry constraints of the KP hierarchy were investigated, which have con- 
nections with KPSCS. The resulting k-constrained KP (k-cKP) hierarchy contains 
physically relevant systems like the nonlinear Schrodinger equation, the Yajima- 
Oikawa system, a generalization of the Boussinesq equation, and the Melnikov 
system. Multi-component generalizations of the k-cKP hierarchy were considered 
in [23]. In papers 24-26 the differential type of the gauge transformation operator 
was applied to the constrained KP hierarchy at first. A modified k-constrained 
KP (k-cmKP) hierarchy was proposed in [2TJ[27l[28] . It contains, for example, the 
vector Chen-Lee-Liu and the modified KdV (mKdV) equation. Multi-component 
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versions of the Kundu-Eckhaus and Gerdjikov-Ivanov equations were also obtained 
in [27], via gauge transformations of the k-cKP, respectively the k-cmKP hierarchy. 

Moreover, in 2!) 30 . (2+l)-dimensional extensions of the k-cKP hierarchy were 
introduced. In [31] [321 , exact solutions for some representatives of the (2+1)- 
dimensional k-cKP hierarchy were obtained by dressing binary transformations. 
(2+l)-dimensional extensions of k-cKP and k-cmKP and their dressings with the 
help of differential transformations were investigated in (33j[34] . The (2+ ^-dim- 
ensional k-cKP hierarchy in particular contains the DS-III system and a (2+1)- 
dimensional extension of the mKdV equation. A corresponding Lax representa- 
tion of the (2+l)-dimensional k-cKP hierarchy consists of one differential and one 
integro-diffcrential operator. Our aim was to generalize Lax representations of the 
(2+l)-dimensional k-cKP hierarchy to the case of two integro-differential opera- 
tors, in order to obtain Lax representations for matrix generalizations of Davey- 
Stewartson systems DS-I, DSTI, DS-III, and their higher order counterparts. We 
also present a Lax representation, with two integro-differential operators, for a 
(2+l)-dimensional generalization of the Chen-Lee-Liu equation, which has been 
obtained in |28) . 

This work is organized as follows. In Section 2 we present a short survey of re- 
sults on constraints for KP hierarchies and their (2+l)-dimcnsional generalizations. 
In Sections 3 and 4 we consider integro-differential Lax representations that gen- 
eralize corresponding representations for the (2+l)-dimcnsional k-cKP hierarchy. 
As a result of additional reductions, we obtain matrix generalizations of Davey- 
Stewartson and (2+l)-dimcnsional mKdV equations that generalize corresponding 
systems in the (2+l)-dimensional k-cKP hierarchy. In Section 5, by application of 
a gauge transformation, we obtain a Lax representation for a (2+l)-dimensional 
matrix extension of the Chen-Lee-Liu equation. In the final section, we discuss the 
obtained results and mention problems for further investigations. 

2. K-CONSTRAINED KP HIERARCHY AND ITS EXTENSIONS 

To make this paper somewhat self-contained, we briefly introduce the KP hier- 
archy p], its k-symmetry constraints (k-cKP hierarchy), and the extension of the 
k-cKP hierarchy to the (2+l)-dimensional case [29j[30]. A Lax representation of 
the KP hierarchy is given by 

L tn = [B n ,L], n>l, (1) 

where L = D + UiD^ 1 + U-2D~ 2 + . . . is a scalar pseudodifferential operator, t\ := x, 
D := J^, and B n := (L n ) + := (L")> = D n +Y^i=o u i^ % i s tne differential operator 
part of L n . The consistency condition (zero-curvature equations), arising from the 
commutativity of the flows, are 

B n ,t k — Bk^ n + [B n , -Bfe] = 0. (2) 

LetB; denote the formal transpose of B n , i.e. B T n := (-l) n D n +Y^ i l Io{-l) l D l uJ, 
where T denotes the matrix transpose. We use curly brackets to denote the action 
of an operator on a function whereas, for example, B n q means composition of 
the operator B n and the operator of multiplication by the function q. The k-cKP 
hierarchy [T8H22] is given by 



L tn = [B n , L], q tn = B n {q}, -r tn = B£{r}, n = 2, 3, . . . , (3) 
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with the k-symmetry reduction 

L k :=L k = B k + qD-\. (4) 
It admits the Lax representation (here k £ N is fixed) 

[B k + qD- x r, d tn - B n ] = 0. (5) 

Below we will also use the formal adjoint B* := B T n = {-l) n D n +YT l Za{~^) l D l u* 
of B n , where * denotes Hermitian conjugation (complex conjugation and transpose). 

In [23] . multi-component (vector) generalizations of the k-cKP hierarchy were 
introduced, 

L k =B k + ELi E5=i 'l-'"-j n = B k + q^ofl^r 1 , , g , 
q tn = B n {q}, r tn = -B^{t}, 1 ' 

where q = {q\,...,qi) and r = (n, . . . , n) are vector functions, M.q = {rnij)\ J=1 is 
a constant I x I matrix. A corresponding Lax representation is given by 

[L fc ,M B ] = 0, L k = B k + qM D- 1 r T , M n = d tn -B n . (7) 

For k = 1, this is a multi-component generalization of the AKNS hierarchy. For 
k = 2 and fc = 3, one obtains vector generalizations of the Yajima-Oikawa and 
Melnikov [Ml[T5] hierarchies, respectively. 

In [2"T1[2"T „ 28 , a k-constrained modified KP (k-cmKP) hierarchy was introduced 
and investigated. Its Lax representation has the form 

[B k + qMoD-^D, d tn - B n ] = 0, (8) 

where B k = D k + YljZi w kjD : ' . For k = 1, 2, 3, this leads to vector generalizations 
of the Chen-Lee-Liu, the modified multi-component Yajima-Oikawa and Melnikov 
hierarchies. 

An essential extension of the k-cKP hierarchy is its (2+l)-dimensional general- 
ization [29l|30], given by 

[L k ,M n ] = 0, L k = f3 k d Tk -B k - qM D- 1 r T , M n = a n d tn - A n , 

fc-2 n-2 

B k = D k + J2 UjD j , A n = D n + Y, v i Di > 

j=0 i=0 

Uj =Uj(x,T k ,t n ), Vi =Vi(x,T k ,t n ), a n ,fi k ££, (9) 

where Uj and Vi are scalar functions, q and r are ^-component vector-functions. An 
equivalent system is 

a n B k . tn = faA n . Tk + [A n ,B k ] + (L4 n , qM -D _1 r T ])> , 
«nqt„ = A n {q}, ot n r tn = -A T n {r}. 

We list some members of this (2+ l)-dimensional generalization of the k-cKP hier- 
archy: 

(1) k = 1, n = 2. Then © has the form 

[ii, M 2 ] = 0, Zi = hd Tl -D- qMoD- 1 ^, M 2 = a 2 d t2 - D 2 - v , (10) 
and it is equivalent to the following system, 



a2qt 2 = <\xx + v q, a 2 r t2 = -r xx - v r 
/3ifo,n = v o,x - 2(qM r T ) x . 



(11) 
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After the reduction (3\ G R, a 2 G «R, r = q, A4o = MJ, = vo, the oper- 
ators L\ and M2 in (fTtlj) are skew-Hermitian and Hcrmitian, respectively, 
and (fTTj) becomes the DS-III system 

"2qt 2 = + w q, /3i«o,ri = Vo,x - 2(qAfoq*)z- (12) 
(2) k = 1, n = 3. Now © becomes 

[i 1 ,M 3 ]=0, Li =/3id Tl -D-qMoD- 1 ^, 

M 3 = a 3 d t3 -D 3 - VxD - v . { 1 

After the additional reduction 013, (3\ G R, A4o = A4q, ui = ui, So + «o = 
Uix, the operators L\, M 3 in (|13p are skew-Hermitian, and the Lax equation 
(fT3")) is equivalent to the following (2+l)-dimensional generalization of the 
mKdV system, 



"3qt 3 = <\xxx + vi<\ x + w q, 

PiVo, Tl = v , x - 3(q ;c A(oq*) a ;, PiV\, TX = v i>x - 3{qM q*)x 
This system admits the real version (A4q = Mq, q* = q T ) 



(14) 



&3<lt 3 = <\xxx + uiq* + |ui,xq, /3i«i,ti = "1,0! ~ 3(qA4 q T )x- (15) 



(3) fc = 2, n = 2. © takes the form 

[L 2 ,M 2 ] = 0, L 2 = p 2 d T2 -D 2 -u - qMoD- 1 ^, 
M 2 = a 2 d t2 — D 2 — u . 



(16) 



Under the reduction a 2 ,(3 2 G iR, r = q, A4o = —-Mo, uo = u o := u, the 
operators L2 and M 2 in (fTB"]) become Hermitian and (|T6| takes the form 



"2qi 2 = q^x + uq, a2Mt 2 = ft« T2 + 2(qAJ q*)a;, (17) 

which is a (2+l)-dimensional vector generalization of the Yajima-Oikawa 
system. 

(4) k = 2, n = 3. Now © becomes 



L 2 = f3 2 d T2 -D 2 - 2u - qMoD-'r 1 , 

Ah = a 3 d t3 - D 3 — 3u D - § (u . x + p 2 D- x {u , n } + qM^ 



(18) 



With the additional reduction f3 2 G iR, ce 3 G R, u — u :— u, A4o = — A4q 
and r = q, this is equivalent to the following generalization of the Melnikov 
system [32] . 



3 

= cixxx + 3uq x + - (u x + p 2 D~ l {u n } + qAf q*) q, 
1 . 3, . . . .... 3 



a 3 u t3 --u xxx -3uu x +-(qMoq x -q x Moq*)--f3 2 (qM q*) T2 = -P 2 u T2T2 . (19) 



3 
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Remark 1. i U£)) cmd J_?7| ) are related by a linear change of the independent vari- 
ables. 

Thus, for k = 1 we have the DS-III hierarchy (its first members are DS-III 
(fc = 1, n = 2) and a special (2+l)-dimensional extension of mKdV (fc — l,n = 3), 
see (fT2|) and (fl4|) . For fc = 2, fc = 3, we have (2+l)-dimensional generalizations 
of the Yajima-Oikawa (in particular, it contains (fTT|) and (fl9|)) and the Melnikov 
hierarchy [15], respectively. 
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3. Lax representations for matrix generalizations of 
Davey-Stewartson systems 

In this section we introduce an essential extension of the Lax pair (fTU)l for the 
(2+l)-dimensional extended KP hierarchy to the case of two integro-differential 
operators. It leads to DS-I and DS-II systems. It is known that the Davey- 
Stewartson (DS-I) system is connected with the non-stationary Dirac operator 
(see |35j). By using a matrix differential representation for the DS system, in- 
volving the non-stationary Dirac operator, and the representation for DS-III in the 
(2+l)-dimensional k-cKP hierarchy, we obtain the following Lax integro-differential 
Lax pair, 

Li = d y - qMoD- 1 ^ , 

M 2 = a 2 8 t2 - Cl D 2 - c 2 8 2 y + 2dSi + 2c 2 qM D- 1 r^ + 2c 2 qM D- 1 r T 8 y , (20) 

where a 2 , ci, c 2 £ C. q = q(x, y,t 2 ), r = r(x, y, t 2 ) and Si = Si{x, y,t 2 ) are matrix 
functions with dimensions NxM and NxN, respectively. A4q is a constant M x M 
matrix. The Lax equation [L±, M 2 ] = is equivalent to the following system, 

a 2 q t2 = c x q xx + c 2 q yy - 2ci5iq - 2c 2 qM S 2 , 
-a 2 rj 2 = Cl rJ x + c 2 r^ - 2cir T Si - 2c 2 S 2 M r T , (21) 
S ly = {qM T f ) x , S 2x = (r T q) y . 

After the reduction c\,c 2 £ R, a 2 £ «R; r T = q*, A^o = -Mq, the operators L\ and 
M 2 are skew-Hermitian and Hermitian, respectively, and (I21[) takes the form 

a 2 q t2 = C!q xx + c 2 q yy - 2ci5iq - 2c 2 qM Q S 2 , . . 

Si v = (qM q*) x , S 2x = (q*q) y . 1 ' 

This has the following two interesting subcases: 

(1) c 2 = 0. Then we have 

a 2 q t2 = ciq^ - 2ci5iq, Si y = (qA^oq*)^ (23) 

(2) ci = 0. Then {22]) takes the form 

a 2 q t2 = c 2 q yy - 2c 2 qAfo<S'2, S 2x = (q*q) y . (24) 
The systems (|2"3"]l and (IM|) are two different matrix generalizations of the Davey- 
Stewartson equation (DS-III) 01301137] • In the vector case (JV = 1). <[25]) has been 
obtained in [3S] as a member of the DS-III hierarchy. 

Remark 2. If N — 1, the change of variables x = x + y. n — fiiy, q(x, n) = 
q(x,y), Vq(x,ti) = —2Si(x,y) maps \2S\) to the DS-III equation Mty) (which we 
obtained from the (2+1) -dimensional k-cKP hierarchy). 

Let us consider (|22[) in the case where u := q and Mo := \i are scalars. Then 
(|2"21 becomes 

a 2 u t2 = ciu xx + c 2 u yy - 2ciSiu - 2fic 2 S 2 u, Si y = fi(\u\ 2 ) x , S 2x = (|w| 2 ) a . (25) 

Setting ci = c 2 = 1 and fi = 1, as a consequence of ([25]) we obtain 

a 2 w t2 = w ra + u yy - 2Su, S xy = (\u\ 2 ) xx + (\u\ 2 ) yy , (26) 

where S = Si + S 2 . This is the well-known Davey-Stewartson system (DS-I) and 
(|2"21 is therefore a matrix generalization. 

Now we present integro-differential Lax pairs for generalizations of the second 
Davey-Stewartson equation (DS-II). By replacing the real variables x and y in the 
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operators L±, M 2 in ([3]) by a complex variable z = x + iy and its conjugate z, 
respectively, we obtain the following pair, 

L 1 =dg-qMoD?T T , 

M 2 = a 2 d t2 - ciD 2 zz - c 2 9f 2 + 2ciSi + 2c 2 qM D, 1 r] + 2c 2 qM D z 7 1 r T d s , 

where q = q(z, z, t 2 ), r = r(z, z, t 2 ) and Si = Si(z, z, t 2 ) are matrix functions with 
dimensions N x M and N x N, respectively. A4q is a constant M x M matrix. The 
Lax equation [Li, M 2 ] = is equivalent to the system 

a 2 q t2 = ciq zz + c 2 q ss - 2ci5iq - 2c 2 qX S 2 , 
-a 2 rj 2 = Cl rJ z + c 2 rj s - 2 Cl r T Si - 2c 2 S 2 M a r T , (27) 
Sis = (q^or T ) z , S 2z = (r T q) z -. 

In terms of the real variables t 2 , x and y, after setting Ci = c 2 = 1, the system 
(f2"Tf becomes 

2a 2 q* 2 = qzz - q TO - 4S x q - 4qX S 2 , 
-2a 2 r 4 T 2 = i-T _ r T _ 4r T 5i _ 4S 2 M Q r T , (28) 
Si x + iSiy = {qM r T ) x - i(qM Y T ) y , S 2x - iS 2y = (r T q) x + i{r T q) y . 

If N — M (so that q and r are square matrices), and a 2 6 iM., ([28]) admits the 
reduction A4or T = q, Si = S 2 , and then takes the following form, 

2a 2 q t2 =q :ca: -q ra -4Siq-4qSi, 
Six + iSiy = (qq) x - i(qq)y 

In the scalar case (N = M = 1), writing it = q, we obtain the following consequence 
of®, 

2a 2 u t2 = u xx - u yy - 8Su, S xx + S yy = \u\ 2 xx - \u\ 2 yy , (30) 
where S = Re (Si). This is the second Davey-Stewartson system (DS-II). 



4. Integro-differential Lax representations for a (2+1)-dimensional 

MATRIX GENERALIZATION OF THE mKdV EQUATION 

In this section we generalize the Lax representation (|13[) for the (2+l)-dimensional 
mKdV equation to the case of two integro-differential operators. More precisely, 
we consider an extension of the operator M 3 in ([T3]) . As in the case of the op- 
erator M 2 in ((3|, by using a differential representation for the (2+l)-dimensional 
mKdV equation that involves the non-stationary Dirac operator [ 35] , we obtain the 
following integro-differential Lax pair, 

Li = dy-qMoD- 1 ^, 

M 3 = a 3 d t3 + Cl D 3 -c^-SciVxD-Sc^ + Z^qyMoD- 1 ^ 

-3c 2 qM Q d y D- 1 r T qM D- 1 r T + Zc^qMoD- 1 {r T qJ^oD^r 1 
+3c 2 a y qA^o^- 1 r T 9 y , (31) 

where q = q(x,y,t 3 ), r = r(x,y,t 3 ) and «i = Vi(x,y,t 3 ), v 3 = v 3 (x,y,t 3 ) are 
N x M, respectively N x N, matrix functions. As in the case of the pair Li, M 2 
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in ([3]), a change of variables shows that in the case c 2 = and N = 1 the Lax pairs 
([31]) and ([T3|) are equivalent. The Lax equation [Li, M 3 ] = results in the system 

a3q* 3 + ciq xxx - c 2 q yyy - 3aviq x + 3c 2 q y Mov 2 + 3c 2 qMov 2y 

-3ciu 3 q - 3c 2 qM v 4 - 3c 2 qD~ 1 {M r T qM Q v 2 - M v 2 M r T q} = 0, 

a 3 rj 3 + cirj xx - c 2 ry yy - 3cirjwi - 3cir T wi 2; + 3c 2 v 2 M ry 

+3cir T w 3 + 3c 2 v 4 M a r T - 3c 2 -D _1 {v 2 M r T q - r T qM v 2 } M r T = 0, 

vi y = (qM r T ) x , v 2x = (r T q) y , 

v 3y = (q x M r T ) x + [qM r T ,V!], v 4x = {rjq) y . (32) 
Let us consider some reductions of this system: 

(1) a 3 ,ci,c 2 G M, r T = q*, Mo = Mq. The operators L\ and M 3 are then 
skew-Hermitian and (|32|) takes the form 

"3qt3 + ciq xxx - c 2 q yyy - 3civiq x + 3c 2 q y M v 2 + 3c 2 qM v 2y 
-3ciu 3 q - 3c 2 qM v 4 - 3c 2 qZ?~ 1 {M q*qM v 2 - M v 2 M q*q} = 0, 
Vi y = (q-Moq*)^ v 2x = (q*q) yi 

v 3y = (q x M q*) x + [qM q*,vi], v 4x = (q*q) r (33) 

In the scalar case (N = M = 1), setting K 3 := Mo, q(x,y,t 3 ) :— 
q(x,y,t 3 ), reads 

"39*3 + ciq xxx - c 2 q yyy - 3cifiq x J \q\ 2 x dy + 

3c 2 [iq y J \q\ y dx + 3c 2 fiq J (qq y ) y dx - 3ci/ig J {q x q) x dy = 0. (34) 
In the real case q = q, (|33|) becomes 

«3qt 3 + ciq^ - c 2 q yy y - 3civiq x + 3c 2 q y M v 2 + 3c 2 qM v 2y 
-3cii; 3 q - 3c 2 qM v 4 - 3c 2 qL> _1 {M q T qM v 2 - .M i; 2 .Moq T q} = 0, 
viy = {qM q T ) x , v 2x = (q T q) y , v 3y = {q x M q T ) x + [q-M q T 

Vix = {q y q) y - (35) 

In the scalar case (N = M = 1), writing Mo = and q = q(x, y, t 3 )=q(x, y, t 3 ), 
after setting y — x and ci — c 2 = 1, (I35|) has the form 

"39*3 + Qx XX - Q^q 2 q x = 0, (36) 

which is the mKdV equation. The systems ((33)) and (f35|) are therefore, 
respectively, complex and real, spatially two-dimensional matrix general- 
izations of it. 

(2) Mor T = v with a constant matrix v. In terms of u := qv, ([32]) takes the 
form 

a 3 u t3 + ciu xxx - c 2 u yyy - 3ciD <j ( / u x dy ) u 



{( 

+3c 2 d y ju (^J Uydx^j I - 3ci [1 



u, Vi]dy I u — 3c 2 u / [u, v 2 ]dx I = 0, 



v Ci 



J [u, vi]dy - c 2 J[v 2l u]dx^j = 0, v Xy = u x , v 2x = u y . (37) 
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In the scalar case (N = 1,M = 1), this reduces to 
a 3 u t3 +ciu xxx -c 2 Uyyy -3ciL> | ^ u x dy^j m| + 3c 2 d y ju ( / u ) f> = 0. (3S) 



which is the Nizhnik equation [35]. The system ([37]) thus generalizes the 
latter to the matrix case. 

5. Integro-differential Lax representation for a spatially 
two-dimensional matrix generalization of the chen-lee-llu 

equation 

In this section we apply a gauge transformation to the Lax pair ([3]) in order 
to obtain an integro-differential Lax pair for the (2+l)-dimensional Chen-Lee-Liu 
equation. The resulting Lax pair generalizes a corresponding Lax pair obtained 
from the (2+l)-dimensional k-cmKP hierarchy. Let / = f(x,y,t2) be an M x M 
matrix solution of Li{/} = 0, where the operator L\ has the form given in ([3]). 
Consider the following gauge transformation, 

f^Llf = f-^dy-qMoD-^f =dy + 

+f- 1 qM D- 1 D- 1 {r T f}D := d y - qMoD^D, (39) 

where q := / _1 q, f T := — D^ 1 {r T f}. It is also possible to apply a similar trans- 
formation to the operator M 2 in ([3]) . In order to simplify notation, in the following 
we write q, r instead of q, f . As a result of the gauge transformation, we obtain a 
Lax pair of the form 

Lx = d v - qMoD^^D, (40) 

M 2 = a 2 t2 - Cl D 2 - c 2 d 2 v + 2 Cl Si£ + 2c 2 qM D- 1 d y r T D 1 (41) 

where q = q(x, y, t 2 ), r = r(x, y, t 2 ) and Si — Si(x, y, t 2 ) are N x M, respectively 
NxN, matrix functions. M.q is a constant MxM matrix. The condition [Li,M 2 ] = 
is then equivalent to the following system, 

a 2 q t2 - ciq xx - c 2 q yy + 2c 1 S 1 q x - 2c 2 qM a S 2 + 2c 2 qA^ (r T q)y = 0, 

(a 2 rj 2 + cirj x + c 2 r^ y + 2c 1 rJS'i + 2c 2 S 2 M r T ) x = 0, (42) 
Sly = (qM r T ) x + [qM r T , Si], S 2x = (rjq) y . 

Let us consider some of its reductions: 

(1) The system (|42|) contains three different (2+l)-dimensional matrix gener- 
alizations of the Chen-Lee-Liu system: a) Ci = 0, b) c 2 = 0, c) ci ^ 
and c 2 7^ 0. 

In case b), M 2 becomes a differential operator. With the restriction N = 1, 
this case appeared in [28] . 

(2) a 2 G iR, ci,c 2 G R, Mo = -M* , r T = q*, Si = S?. Then Li and 
M 2 , given by (J40J) and (JUJ), are D-skew-Hermitian [L\ = -DLiD^ 1 ) and 
D-Hermitian (M| = DM 2 D~ r ), respectively. (f4"2]l has the following form, 

c*2qt 2 - ciq xx - c 2 q yy + 2ciSiqx - 2c 2 qM S 2 + 2c 2 qM (q*q) y = 0, , . 

Si» = (qA4 q*), + [qXoq*, Si], S 2x = (q*q) y . { ^ ) 

In the scalar case (N = M = 1), setting ci = 1, c 2 = 0, y = x, and writing 
fi = Mo, g = q(x,y,t 2 ) = q(x,y,t 2 ), (|43"]) reduces to the Chen-Lee-Liu 
equation [38] 

"29*2 - + 2fj,\q\ 2 q x = 0. 
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(3) Mqt t = v with a constant matrix v. Then the operators (|40|) and (|41|) arc 
purely differential and, in terms of u := qv, (j4"2]) reads 

Ot2U t2 — ClU XX - C 2 Uyy + 2C\S\U X + 2C 2 UUy = 0, Sly = u x + [u, Si]. (44) 

This is a spatially two-dimensional matrix generalization of the Burgers 
equation. A generalization of (|44[) to an arbitrary number of spatial dimen- 
sions has been considered in [39] . 
It is possible to apply a similar gauge transformation to the pair of operators (|31| . 
Corresponding Lax representations that lead to matrix versions of spatially two- 
dimensional higher Chen-Lee-Liu equations were investigated in |39j . 

6. Conclusions 

In this paper we considered several members of a (2+l)-dimensional generaliza- 
tion of the k-cKP hierarchy Originally, this substantial generalization of the 
k-cKP hierarchy had been proposed in 29,30 . For some members of this hier- 
archy (e.g. (fTT]) and (fT9])). solutions were obtained via the binary transformation 
dressing method [311132] . The (2+l)-dimensional extension of the k-cKP hierarchy 
has been rediscovered more recently in [33], also see [34][40] for further investiga- 
tions. The authors of [55J and [53] considered the (2+l)-dimensional k-cKP and 
(2+l)-dimensional k-cmKP hierarchies with two operators of the Lax pair having 
different orders of differentiation with respect to x. This excludes, for example, 
(2+l)-dimensional vector generalizations of the Yajima-Oikawa ([T7|) and Drinfcld- 
Sokolov- Wilson equation [4TH43] : 

3 

qt 3 = <hcxx + 3uq x + -u x q, u t3 = u T3 + 3(qA^ q T )a;- (45) 

It is obtained from [L3, Ms] = with 

L 3 = d T3 -D 3 - 3uD - ^u x - qM a D- 1 q T , M 3 = d ta - D 3 - 3uD - ^u x . (46) 

Remark 3. Analogously to Remark 2.1, it can be shown that the (2+1) -dimensional 
vector generalization of the Drinfeld-Sokolov- Wilson equation |^5] ) is equivalent to 
the real version of the (2+1) -dimensional multi- component mKdV equation U5\) via 
a linear change of independent variables. 

The aim of our work was also to generalize Lax representations for members of 
the (2+l)-dimensional k-cKP hierarchy [29,30,33,34 , in order to obtain integrable 
equations that do not belong to the (2+l)-dimensional k-cKP hierarchy. In partic- 
ular, we constructed Lax integro-differential representations for matrix generaliza- 
tions of the Davey-Stewartson systems (DS-I,DS-II,DS-III), matrix generalizations 
of (2+l)-dimensional extensions of the mKdV, the Nizhnik [35^ and the Chen-Lee- 
Liu [38] equations. Representations for some of those systems in the algebra of 
purely differential operators with matrix coefficients can be found in [44] . 

One of the problems left for further investigation are the dressing methods for 
the corresponding Lax representations. It was shown that for the Lax representa- 
tions for the (2+l)-dimensional k-cKP hierarchy 29,30,34 , one can use differential 
operators for the dressing. The most interesting systems obtained from the (2+1)- 
dimensional k-cKP hierarchy and in Sections 3-5 arise after a Hermitian conjugation 
reduction. This imposes nontrivial constraints on the dressing differential opera- 
tor. It was shown for the k-cKP hierarchy [45, 42] that it is more suitable to use 



10 



O. CHVARTATSKYI 1 , YU. SYDORENKO 1 



a binary transformation operator in this situation. The dressing method by bi- 
nary transformations for evolution intcgro-diffcrcntial operators that arise in the 
(2+l)-dimensional k-cKP case has been considered in [315]. We plan to apply this 
method to the systems in Sections 3-5 in a forthcoming paper. Another interest- 
ing question is the possibility of generalizations of other representations from the 
(2+l)-dimensional k-cKP hierarchy to the case of two integro-differential operators, 
e.g. (2+l)-dimensional extensions of the Yajima-Oikawa and the Melnikov systems. 
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